Decay of honeycomb-generated turbulence in a duct with a static transverse magnetic field is studied via direct numerical simulations. The simulations follow the revealing experimental study of Sukoriansky et al. (1986) , in particular the paradoxical observation of high-amplitude velocity fluctuations, which exist in the downstream portion of the flow when the strong transverse magnetic field is imposed in the entire duct including the honeycomb exit, but not in other configurations. It is shown that the fluctuations are caused by the large-scale quasi-two-dimensional structures forming in the flow at the initial stages of the decay and surviving the magnetic suppression. Statistical turbulence properties, such as the energy decay curves, two-point correlations and typical length scales are computed. The study demonstrates that turbulence decay in the presence of a magnetic field is a complex phenomenon critically depending on the state of the flow at the moment the field is introduced. 
Introduction
This paper addresses decay of turbulence in an electrically conducting fluid in the presence of an imposed static magnetic field. The parameters typical for technological and laboratory flows of liquid metals are considered, so the quasi-static (also called non-inductive) approximation, according to which the magnetohydrodynamic flow-field interaction is reduced to the effect of the imposed field on a flow, is adopted (see, e.g., Davidson 2016 , for the derivation and a discussion of validity of the approximation).
In any three-dimensional flow of an electrically conducting fluid, an imposed magnetic field suppresses turbulent fluctuations via the Joule dissipation of induced electric currents. Unlike its viscous counterpart, the Joule dissipation is active irrespective of the length scale, and anisotropic in the sense that its rate is proportional to the square of the gradient of velocity along the magnetic field lines. As described by Moffatt (1967) , this transforms an initially isotropic flow into a flow with reduced or even zero velocity gradients along the magnetic field lines. In flows with walls, the picture is more complex due to the effect of walls on the velocity and electric currents. In particular, in the case of an MHD duct, the mean flow is changed by the Lorentz force, and special boundary layers appear (see, e.g., Branover 1978; Müller & Bühler 2001) . The principal features of tempted by Alemany et al. (1979) . Turbulence was generated by a grid falling through a cylindrical vessel filled with mercury and positioned within a uniform axially oriented magnetic field. At moderate distances x from the grid, the fluctuation energy of the field-parallel velocity component was found to fall as ∼ x −1 . Farther from the grid, the decay accelerated to approximately ∼ x −1.7 . This change of behaviour was attributed by Alemany et al. (1979) to the increase of the effective local magnetic interaction parameter N (we define the parameter in section 2.1). An interesting result was found for the energy power spectra, whose slope gradually approached ∼ k −3 indicating strong anisotropy or even approximate two-dimensionality. It is pertinent to mention in view of our following discussion that in the experiment of Alemany et al. (1979) turbulence was generated entirely within the zone of the applied magnetic field. Furthermore, we note that the energy spectrum is difficult to ascertain in strongly suppressed flows at high N . Dependencies other than ∼ k −3 , for example, exponential decay ∼ exp(−bk) with a decay length b, are also found to be consistent with the experimental and computational data for the energy power spectrum (Verma 2017) .
A series of similarly configured experiments with GaInSn as a working fluid was reported by Voronchikhin et al. (1985) . Several parameters of these experiments make them potentially more interesting for our study than those of Alemany et al. (1979) . In particular, the use of stationary velocity probes allowed the authors to record longer decay histories. Similarly to our study, two types of decay were considered. In one, as in Alemany et al. (1979) , turbulence was generated within the magnetic field. In the other, the magnetic field was imposed after full passage of the grid through the cylinder, i. e.
on an already developed turbulent flow.
Only a limited portion of the data obtained in the course of the experiments was reported by Voronchikhin et al. (1985) . This prevents an in-depth comparison between their results and the computational results reported in this paper. One important conclusion directly relevant to our study was, however, made. The effect of accelerated decay of turbulence caused by the magnetic field was found to be much stronger when the field was imposed on the developed turbulent flow than when turbulence formed within the field.
Extensive experimental studies of the mercury flows in ducts with imposed transverse magnetic fields were carried out from the late 1960s to 1980s in Riga (see e.g. Branover et al. 1970; Kolesnikov & Tsinober 1974; Votsish & Kolesnikov 1976a,b; Kljukin & Kolesnikov 1989) . A major motivation of the experiments was to explain the so-called residual fluctuations of velocity found in the flows with strong magnetic fields when the measurements of pressure drop indicated full laminarization. It was hypothesized that the fluctuations were manifestations of nearly two-dimensional flow structures forming in the flow. It was argued that the decay rate of turbulence would be reduced by the presence of such structures in two ways. Their quasi-two-dimensionality would mean that they are only weakly suppressed by the magnetic field. Furthermore, the strong anisotropy would imply reduction of the energy cascade to small length scales or inversion of the cascade, thus leading to reduction of the viscous dissipation rate.
The existence of quasi-two-dimensional structures was confirmed in the experiments.
The flow was also found to be strongly influenced by the mechanism of turbulence generation. A particularly interesting example was the experiment of Kljukin & Kolesnikov (1989) . Turbulence in a duct was generated by a grid combining two sets of cylindrical bars, one parallel and one perpendicular to the magnetic field. Two experiments were performed: with the bars parallel to the magnetic field located on the downstream or the upstream side of the grid. No significant difference between the two flows was found at weak magnetic fields. In the strong field case, however, the flow with the field-parallel bars on the downstream side of the grid demonstrated residual fluctuations with intensity decreasing very slowly along the duct. No such behavior was found in the flow with the field-parallel bars located on the upstream side of the grid. The effect was attributed by Kljukin & Kolesnikov (1989) to formation of strong quasi-two-dimensional vortical structures in the former case.
Recent numerical simulations of MHD duct flows by Zikanov et al. (2014a) ; Krasnov et al. (2013 Krasnov et al. ( , 2012 ; Zikanov et al. (2014b) have shown that the presence of velocity perturbations at apparently laminar pressure drop along the duct can also be caused by turbulence in the sidewall (parallel to the magnetic field) boundary layers, which survives at much stronger magnetic fields than the turbulence in the core of the duct and in the Hartmann boundary layers normal to the field. Such turbulence could not be registered in the experiments of Branover et al. (1970) ; Kolesnikov & Tsinober (1974) ; Votsish & Kolesnikov (1976a,b) , where the measured pressure drop was dominated by the friction in the thin Hartmann layers. At the same time, the alternative explanation proposed by the Riga researchers certainly had substantial experimental support.
The present work follows closely the experiments of Sukoriansky et al. (1986) , in which the phenomenon of turbulent fluctuations persisting along the duct in the presence of a strong magnetic field was revisited on a higher level of accuracy and technical sophistication. Flows of mercury in a duct of 2 × 4.8 cm cross-section were studied. Magnetic field of strength up to 1.1 T with the main component transverse to the flow's direction and parallel to the shorter side of the duct was imposed in the test section by a long (pole length about 90 cm) electromagnet. The inlet into the test section was equipped with a honeycomb consisting of densely packed round tubes of diameter 2.4 mm with electrically insulating 0.5 mm thick walls (common drinking straws). The purpose of the honeycomb was two-fold. It generated approximately isotropic and uniform field of velocity fluctuations and reduced or even prevented the M-shaped mean velocity profile normally forming at the entrance into the magnetic field (see e.g. Branover 1978 ). The
Reynolds and Hartmann numbers were
where D was the duct's hydraulic diameter, U was the mean velocity, and ν, σ, and ρ were the kinematic viscosity, electric conductivity, and density of the fluid. The experimental setup and the key results are shown in figures 1a and b, respectively.
The striking and, at first glance, paradoxical results were obtained in the hot-film measurements of velocity fluctuations 43 cm downstream of the honeycomb's exit. The measurements showed completely different signals for the two distributions of the magnetic field illustrated in figure 1a. In the situation identified in Sukoriansky et al. (1986) and this paper as Case 1, the entire length (27 cm) of the honeycomb was located between the magnet poles (see the upper schematic illustration in figure 1b), and turbulence was generated and decayed entirely within the practically uniform transverse magnetic field.
In the situation identified as Case 2, the magnet poles were shifted downstream so that the axial distance between the honeycomb's exit and the nearest corner of the pole was 15.5 cm (see the lower schematic illustration in figure 1b ). In this case, turbulence was generated at negligible magnetic field and traveled about 5.5 convective times D/U before entering the space between the poles and thus experiencing the full magnetic suppression effect.
The key results are shown in figure 1b reproduced from figure 5 of Sukoriansky et al. the turbulence suppression by the magnetic field, the intensities decrease with growing Ha D reaching ∼ 0.02 at Ha D /Re D = 3 × 10 −3 . For stronger magnetic fields, however, the signals show entirely different trends. In the case 2, the intensity continues to decrease to about 0.015 at high Ha D . In the case 1, the intensity grows rapidly with growing Ha D and reaches 0.09 (almost twice the intensity in the flow without magnetic field) at
The appearance of high-amplitude fluctuations for strong magnetic fields in the case 1 configuration was explained in Sukoriansky et al. (1986) by the effect described above,
i.e by development of quasi-two-dimensional flow structures with weak gradients along the magnetic field lines. Such structures would experience weak magnetic suppression and a reduced energy cascade to small length scales thus preserving the strength of the associated velocity fluctuations as the fluid moved downstream. The explanation is consistent with other experiments, e.g. of Kljukin & Kolesnikov (1989) . No direct evidence of this scenario has, however, been obtained. The type of the flow structures and the degree of their anisotropy could also not be determined in the experiments and has not been a subject of numerical analysis.
In this paper, we present high-resolution numerical simulations designed to explore validity of the hypothesized scenario leading to the residual velocity fluctuations and to produce a detailed description of the flow. The numerical model reproduces the geometry and parameters of the experiment of Sukoriansky et al. (1986) with one adjustment. For the purpose of understanding the effect of walls on decaying turbulence, two orientations of the transverse magnetic field, along the shorter (as in Sukoriansky et al. (1986) ) and longer sides of the duct are considered. The role of the anisotropy introduced by the honeycomb is also addressed. The problem formulation, parameters and numerical procedure are described in section 2. The structure and statistical properties of the computed flows are presented in section 3 . The concluding remarks are provided in section 4. 
Problem formulation, method and parameters

Problem formulation
An isothermal flow of an incompressible electrically conducting Newtonian fluid in a duct of rectangular cross-section is considered. A transverse magnetic field, the exact configuration of which is specified below, is imposed. Assuming the asymptotic limit of low magnetic Reynolds and Prandtl numbers, the quasi-static (non-inductive) approxi- We will also use the magnetic interaction parameter
Further settings of the problem are illustrated in figure 2 . The computational domain reproduces the test section of the experiment of Sukoriansky et al. (1986) . It is a duct segment of length 0 x L x and cross-section
with L x = 16π, L y = 4.8 and L z = 2.0.
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The sidewalls are of zero slip and perfect electric insulation:
At the inlet x = 0, we require that ∂φ ∂x = 0. At such parameters, the flow is expected to be weakly turbulent in the case 2. In the case 1, the magnetic field suppresses turbulence and slightly deforms the streamwise velocity profile (see Zikanov et al. 2014a; Müller & Bühler 2001; Li & Zikanov 2013) . The numerical model ignores the differences and uses the same velocity distribution in the two cases (see figure 2b ). The flow in the space between the tubes present in the experiment is also ignored.
To compute the velocity distribution, the inlet plane is covered by hexagons, into which circles of inner diameters and wall thickness corresponding to those of the honeycomb tubes are fitted. The axisymmetric parabolic profile of streamwise velocity is imposed within each tube. At each time step, random three-dimensional velocity perturbations of relative amplitude 10 −4 are added, after which the entire distribution is rescaled so that the mean streamwise velocity is equal to 1.0.
As illustrated in figure 2b , the tubes of the honeycomb can be packed so that they form straight rows along the longer (the honeycomb type A in the following discussion)
or shorter (type B) walls of the duct. The results of the simulations presented in section 3.2 demonstrate that the two arrangements produce noticeably different flows. The problem is solved numerically using the finite-difference scheme first described as the scheme B in Krasnov et al. (2011) 
Results
The parameters of the simulations are listed in Table 1 . For convenience of the readers, the runs are numbered such that odd indices 1,3,5,7 correspond to case 1 with homogeneous field, whereas even indices 2,4,6,8 -to case 2 with non-homogeneous field (see . For this strong magnetic field, the experiment shows anomalous behavior with the turbulence intensity in the case 2 configuration remaining low, but the intensity in the case 1 configuration growing to a level about 50% higher than without the magnetic field.
In the following discussion, the properties of the computed flows are analyzed using the fields of turbulent fluctuations defined as
where v (x) is the mean velocity obtained by time-averaging over the entire production phase of the run.
We start the discussion with the main results summarized in Table 2 
Effect of magnetic field on turbulence decay
The following discussion is primarily based on simulations 1-4.
3.1.1. Velocity fluctuations also note that at Ha = 55 no substantial differences are observed between the case 1 and 
The effect of the magnetic field is much more pronounced in the flows 3 and 4. For the run 4, the energy decay curves is practically indistinguishable from those for the run 2 curve for x < x 1 (see figure 7) . For x > x 1 , the strong imposed magnetic field results in rapid decay and the lowest value of the turbulent kinetic energy at the duct exit among all the simulations 1-4. Interestingly, during the initial stages of this decay, in the interval remain stronger than the fluctuations of the other two components (see figure 8d) . We do not have data that would allow us to precisely identify the specific flow structures responsible for this effect. We note that the behaviour is consistent with the evolution of homogeneous, initially isotropic turbulence after sudden application of a strong magnetic field. As predicted by Moffatt (1967) The turbulence decay at x > 6 is characterized by u ′ 2 ∼ w ′ 2 ≫ v ′ 2 (see figure   8c ), which is expected for quasi-two-dimensional vortical structures extending wall-towall in the field direction. The energy remains much larger than in the other three flows.
For x > 8, the decay is well approximated by the power law ∼ x −5/3 (see figure 7) . It should be stressed that we do not have theoretical arguments supporting this decay rate.
The same is true for the decay rates indicated by the slope lines in figure 8 . The lines are shown purely for comparison, as illustrations of the decay trends obtained in the simulations.
Turbulence statistics
The velocity fields computed in the runs 1-4 for fully developed flows at 100 < t < 200 are used to accumulate the turbulence statistics discussed in this section. Energy power spectra are calculated from the velocity fluctuation signals at x = 43, y = z = 0 (see figure   3 ). To comply with the periodicity condition, we have used a window function w(τ ), based
Zikanov, Krasnov, Boeck and Sukoriansky on a superposition of two hyperbolic tangents w(τ ) = tanh(aτ
with a = 0.03. Here it is assumed that the argument τ varies from 0 to the maximum T m = 100. This function provides smooth transition from zero to unity at both ends and retains more than 90% of the unmodified sequence.
A possible alternative to this approach would be to compute the spatial wavenumber spectra in the cross-section x = const. For that, we would have to use the data recorded in the core (excluding the boundary layers) portion of the cross-section. The data would have to be interpolated to a uniform grid and time-averaged. We see our approach as preferable for the following several reasons. It is free from the errors associated with the interpolation and the variation of flow properties in the cross-section. The spectra based on the time signal directly correspond to the measurements made in the experiment.
Finally, one-dimensional spectra are more informative in the case of strongly anisotropic turbulence than three-dimensional or two-dimensional ones.
The spectra are shown in figure 9 . We see that even at Ha = 195 the spectra are continuously populated in a wide range of frequencies ω, so the flows can be classified as turbulent. The inertial ranges cannot be reliably determined due to their shortness typical for turbulence decay in the presence of MHD suppression. Still, one sees portions of the spectra with the slope close to ∼ ω −5/3 at Ha = 55 and ∼ ω −3 at Ha = 195. The latter can be viewed as an indication of the quasi-two-dimensional character of the turbulence, although, as argued by Alemany et al. (1979) and Sommeria & Moreau (1982) , the same spectrum may appear as a result of the equilibrium between the local angular energy transfer and the Joule dissipation in the core flow or the Hartmann boundary layers.
The spectrum of w 2 is particularly convenient for characterization of the anomalous high-amplitude turbulent fluctuations observed in the flow 3 (see figure 9f ). The energy peak at ω ≈ 10 is evidently associated with the characteristic streamwise size of the vortices (see figure 5 ).
We have also evaluated two-point velocity correlation functions along the direction parallel (y) and perpendicular (z) to the magnetic field. The coefficients are defined as (here for the velocity component w) Here, we discuss the longitudinal (L ) and transverse (L ⊥ ) length scales along (y) and across (z) the magnetic field derived as:
In isotropic turbulence, we would find 
Effect of walls and anisotropy of inlet conditions
The discussion of section 3.1 as well as previous works by various authors (see e.g. Moffatt
1967
; Sukoriansky et al. 1986; Kljukin & Kolesnikov 1989; Burattini et al. 2010) suggest that the development and persistence of quasi-two-dimensional structures aligned with the strong imposed magnetic field is a general physical phenomenon to be observed, in some form, in all decaying MHD turbulent flows. At the same time, features of the flow's configuration may strongly affect the realization of the phenomenon in a specific case.
For our system, the most important such features are: (i) the location of the duct's walls non-parallel to the magnetic field, which limit the longitudinal size of the quasi-twodimensional flow structures and (ii) the design of the honeycomb, which may introduce anisotropy into the initial state of the flow.
The importance of these features is due to the presence of the strong transverse magnetic field. Without the field, approximately homogeneous and isotropic turbulence insensitive to such details of the system's geometry is expected to form in the core of the duct downstream of the honeycomb's exit.
The two effects are explored in our study in the simulation runs 5-8 (see table 1 for parameters). The strong magnetic field corresponding to Ha = 195 is applied in all the simulations, so we expect the behaviour similar to that observed earlier in the simulations 3 and 4. The main component of the magnetic field is oriented along the shorter side of the duct (B z ) and not along the longer side as before. The case 1 and case 2 distributions of the magnetic field along the duct are considered. In addition to allowing us to see the effect of the distance between the field-crossing walls, the new simulations provide a direct comparison with the experiment of Sukoriansky et al. (1986) , in which the magnetic field is in the z-direction.
Two arrangements of the honeycomb tubes are considered. As illustrated in figure 2b , the tubes are arranged into straight rows along the longer (Type A) or shorter (Type B) sides of the duct. This implies different anisotropies of the flows exiting the honeycomb.
The type A (runs 5 and 6) produces structures with weaker average gradients in the y-direction, i.e. perpendicularly to the magnetic field. The type B (runs 7 and 8) results
in the flow structures with weaker gradient in the z-direction, i.e. the direction of the magnetic field.
The rms velocity fluctuations in fully developed flows are presented in table 2. We see that the situation is generally similar to that observed earlier in the simulations 3 and 4. The anomalously strong velocity fluctuations appear when the magnetic field has the configuration of case 1 (runs 5 and 7) but not of case 2 (runs 6 and 8). Also as before, the strong fluctuations develop in the streamwise velocity component u and the transverse component perpendicular to the magnetic field v.
The effect of the anisotropy introduced by the honeycomb is clearly visible. The fluctuation amplitude in the run 7 is about the same as in the run 3, while it is about two times smaller in the run 5.
To explain these results, we will consider the spatial structure of the flows visualized in figures 11-12. As in section 3.1, profiles of the streamwise velocity ( figure 11 ) and isosurfaces of the transverse velocity component perpendicular to the magnetic field (figure 12) are shown.
We start with the simulations 6 and 8, in which the magnet poles are shifted down- Branover 1978; Andreev et al. 2006) . The profile can also be noticed in the run 4 (see figure 4 ), but it is more pronounced in the runs 6 and 8 due to the larger distance between the sidewalls (the walls parallel to the magnetic field).
The two just discussed flow features are equally observed in the simulations 6 and 8.
The only difference between the two flows is that we see significant velocity fluctuations near the sidewalls in the far downstream portion of the duct in the flow 6 but not in flow 8 (see figures 11 and 12). The physical nature of this phenomenon has been verified in additional simulations. We attribute its existence to the strong shear layer associated with the planar side-wall jets forming in the M-shaped profile. Such layers are known to be be very susceptible to instabilities (see e.g. Kobayashi et al. 2012 ). Similar phenomenon is also known in another configuration with planar side-wall jets, as Hunt's flow (Braiden et al. 2016) . The fact that side-wall turbulence appears in the run 6, but not in the run 8, is the effect of the honeycomb arrangement. Stronger flow instability is triggered in the run 6, since the perturbations introduced into the side-wall layers by the honeycomb of type A are less aligned with the magnetic field and, therefore, can destabilize earlier.
In the simulations 5 and 7, the honeycomb exit is located within the zone of strong transverse magnetic field (the case 1 configuration, see figures 1b and 2a). Similarly to the flow 3, the simulations show development of quasi-two-dimensional structures that are poorly suppressed by the magnetic field and have the from of large-scale vortices aligned with the field. Interestingly, the strength of the structures and the amplitude of the associated velocity fluctuations is about the same in the runs 7 and 3 (see table 2 ).
The process of formation of the quasi-two-dimensional vortices is practically unaffected by the orientation of the magnetic field.
On the contrary, the effect of the initial flow anisotropy introduced by the honeycomb is quite strong. The vortices are noticeably weaker and the fluctuation amplitude is about two times smaller in the run 5 (when the honeycomb produces structures elongated across the magnetic field) than in the runs 3 and 7 (when the elongation is along the field).
Discussion and concluding remarks
We performed numerical simulations inspired by the experiment of Sukoriansky et al. We have explored the effect of the geometric features of the system on the flow's behaviour at strong magnetic field. It has been found that the role of the orientation of the magnetic field, which can also be interpreted as the role of the wall-to-wall distances across and along the field, is minimal. This is demonstrated by the lack of noticeable differences between the flows in the runs 3 and 4 on the one hand and runs 7, 8 on the other hand.
On the contrary, the initial anisotropy introduced by the honeycomb has strong effect on the flow with the quasi-two-dimensional vortices. As demonstrated by the simulations 3, 5 and 7, the amplitude of the vortices is substantially reduced when the flow structures formed at the exit of the honeycomb are elongated across rather than along the magnetic field.
We would like to stress that the flow evolution observed in the runs 3, 5, and 7 does not include development of an inverse energy cascade. For inverse cascade to exist, the quasi-two-dimensional turbulence has to be continuously forced. In our case the turbulent energy is injected locally near the honeycomb by the instability of the jets leaving it. Part of this energy is dissipated by Joule friction, but the rest feeds quasi-two-dimensional vortices. Downstream, the flow is unforced and is a subject to anisotropic Joule dissipation and wall friction. Without constant supply of energy, the inverse cascade (in a strict sense of this term) does not develop, but the vortices grow in size due to quasi-two-dimensional dynamics.
As we have already mentioned, the results of the simulations are in good qualitative agreement with the experimental data of Sukoriansky et al. (1986) . The results obtained for the correlation coefficient R v in flow 4 at x = 16 (see figure 14f) may appear surprising. The flow has nearly constant significant correlations (R v ≈ 0.2) over almost the entire duct width. This is not observed for any other computed correlation coefficient in any other cross-section. The reason for this behavior is illustrated in figure   15 . From x = 13 to x = 16, the streamwise velocity u changes its profile in the way typical for a duct flow entering a strong magnetic field (see e.g. Andreev et al. 2006, for a discussion of the flow transformation). Along the y-axis parallel to the magnetic field, the Hartmann profile with nearly uniform velocity in the core and thin Hartmann boundary layers develops. Along the z-axis, the profiles acquires the typical M-shape.
The redistribution of the streamwise velocity is accompanied by a non-zero mean flow toward the walls at y = ±1 (clearly visible in the distribution of v at x = 16) and in 
